INTRODUCTION
Let us recall some of the logical development of constructive quantum field theory, summarizing the more thorough account given in [l] . The objects of study of quantum field theory were originally presumed to be operator-valued functions on space-time, lR4, satisfying nonlinear wave equations such as Of course, the appearance of the Dirac delta in the commutation relations implies that d is not a true operator-valued function on R4, but a generalized function of some kind. This immediately makes the interpretation of nonlinear functions of 4 problematic.
Thus in practice one begins by considering a "free field" satisfying a linear wave equation such as the Klein-Gordon equation (0 +m2)$,=0.
For simplicity let us consider this equation on Iw x S'. The free field &, is a distribution with values in self-adjoint operators on a Hilbert space K; it satisfies the canonical commutation relations and the Klein-Gordon equation, with time evolution generated by a nonnegative self-adjoint operator H,-, on K, eifHo~,(O, x) eCirHo = tio(t, x).
The "free Hamiltonian" Ho has a nondegenerate ground state uO, the "free vacuum." There exist "Wick" or "normal-ordered" powers of &,, operator- Here these equations are to be interpreted in a distributional sense, i.e., they hold upon integrating against smooth functions of x, y E S '. The Wick squares of D &, and do are also well-defined, and the free Hamiltonian H,, may be expressed as One can proceed to treat nonlinear quantum field equations as follows. Formally, the Hamiltonian for the "interacting field" Q satisfying It is important, however, to realize that this ad hoc manuever is unnatural in at least three respects: (1) There is no a priori reason to substitute the free field b. into the Hamiltonian for the interacting field. (2) The Wick powers of do are defined in terms of the free vacuum, which has no intrinsic relation to the nonlinear quantum field equation. (3) Integrating over the surface t = 0 is a purely arbitrary choice, and any other value of t would lead to a different operator.
It is thus somewhat remarkable that anything useful comes of this approach. As it turns out, there is a well-defined operator v=J : P(q5,): dx, r=0 for any polynomial P, and if P is bounded below then Z-Z, + V is essentially self-adjoint. Let H denote the closure of Ho + V. Defining 4 by qd( t, x) = ei'Hq50(0, x) eCifH, it is natural to ask whether 4 satisfies the differential equation where p is the derivative of P. We have thus solved a nonlinear quantum field equation different from the one with which we began. However, the three objections raised above may now be answered: (1) The Hamiltonian H for the interacting field 4 is defined in terms of 4 itself. (2) The renormalized products appearing in H are defined in terms of the ground state u of H itself, not the free vacuum. can be seen to be independent of t, as a consequence of (1) and (2) .
It remains to consider the existence and uniqueness, for a given polynomial P, of an operator of the form H = closure of s f { :( V 4)2:o + m2 :d2:" + :d2:"} + : P(d):" dx r=o renormalized relative to its own ground state u. These are nonlinear problems of a distinctive sort, in which one simultaneously solves for an operator and its ground state in terms of a relation between them. Here we investigate the corresponding problems for perturbations of harmonic oscillator Hamiltonians by polynomial potentials that are bounded below. These arise as Hamiltonians of quantum field theories that have been cut off to a finite number of modes. We will treat the case of infinitely many degrees of freedom in a future paper.
These problems, and a plan of attack, were proposed by Irving Segal [7] , whom we thank for many useful discussions. Some of our results are extensions of the work of Friedman [ Let IC be a conjugation on H, and let H, be the real part of H fixed by K. Define U(x) and V(x) for XEH, by
Then (U, V) is a WeyZ pair, i.e., a pair of strongly continuous maps from H, to U(K) satisfying
Throughout this paper we assume that H is finite-dimensional. Fix a conjugation IC on H and choose a basis {ei} for H, so as to identify it with I?', with the usual coordinates xi. In the Schrodinger representation of the free boson field K is then identifield with L'(W) (relative to Lebesgue measure), U and V are given by
and the free vacuum v. is given by
Let pi denote the self-adjoint generator of the one-parameter group U(tej), and let qj denote the self-adjoint generator of V(tej). In the Schrodinger representation pj corresponds to the operator -iiT/i3xj, while qj corresponds to the operator of multiplication by xi. Let A be the selfadjoint operator on H given by Aej = ojej, where wi, . . . . w, >O. Let Ho, the free Hamiftonian, denote dT(A) = f 1 w,(pf + q; -1). i=l Let P denote the vector space of real-valued polynomials of degree < 2d on IV', where d > 1. Equip P with the vector space topology, so that P, + P if and only if all the coefficients of P, converge to those of P. Let Cc P denote the convex cone consisting of those elements that are bounded below as functions on IR". While C is not closed, it does contain the origin.
The following facts about operators of the form Ho + P(q) are wellknown [S, 7,8, lo] . For any P E C, the operator H, + P(q) is essentially self-adjoint; let H, denote its self-adjoint closure. The operator H, is bounded below, has pure point spectrum, and has a unique nonnegative normalized lowest eigenvector, or vacuum for short, which we denote by u(P). Define E(P) E [w by
Note that E(0) = 0 and v(0) = Q,.
Renormalized products of the p's and q's relative to the free vacuum u,, are often called 'Wick" or "normal-ordered" products, and they have a simple description in terms of reordering annihilation and creation operators. Renormalized products relative to quite general states have been developed in a series of papers by Segal [7] ; an exposition is also given in [ 11. In the present context it suffices to introduce renormalized products relative to states in the space D"( IV) of C" vectors for the Weyl system W. In the finite-dimensional case at hand, D"(W) is precisely the space of C" vectors for HO, and in the Schrodinger representation it corresponds to the Schwartz space on IF!". Let W denote the infinitesimal Weyl algebra over H, that is, the associative algebra with unit generated by (pi, qj}r=, with the relations CPj9 Pkl = Cqj? q/cl = O, [Pjv qkl = i-'ajk.
By the above remarks, the algebra W has a natural representation on
A monomial in W is an element of the form zi . ..zk. where zr, . . . . zk E H. Given u ED"(W) there is a unique renormalization map from monomials in W to W, denoted : :", such that and (u, :z, . ..zk."u)=o for all z, z, , . . . . zk E H. The element :z, . . . zk:" is called the renormalized product of zl, . . . . zk relative to u. The renormalization map extends uniquely to a linear transformation on the subalgebra of W generated by {qj}r=, ; we also denote this extension by : :a. We write the renormalization map relative to the free vacuum u0 simply by : :.
To apply the above definition of renormalized products to the vacua u(P), note the following:
Proof
We shall show that any eigenvector of H, lies in D"( IV). Suppose u E K has H,u = Au. Working with the Schrodinger representation, it follows from elliptic regularity that u E Ca(R"), and it suffices to show that u is in the Schwartz space Y'(IV). We will prove by induction that for all multi-indices Z and all p > 0, there exists c > 0 such that
It is known [9] that for all p > 0 there exists c>O such that [u(x)1 < c(lxl + 1))". Suppose that the induction hypothesis (1) noting from explicit formulas [3] that the function aG(x, . )/axi is in L:,,.
It follows that for all p>O there exists c>O such that la'a'u(x)l < c( 1x1 + 1))". Thus the induction hypothesis (1) holds for all Z with 111 <k+l. 1
RENORMALIZING THE INTERACTION HAMILTONIAN
In this section we consider the following problem: PROBLEM 1. Given P in C, find u E K such that the vacuum of the closure of Ho + : P(q):,, is u.
We deal with the troublesome circularity of this problem as follows. Given P E C, let o(P) be the vacuum of the closure of ZZ, + P. For some ~EC we have P(q)= :8(q):o(p,. Thus o(P) is the vacuum of the closure of &I + :m:"iP), so u(P) solves Problem 1 for P. It is easy to see that all solutions of Problem 1 are of this form, but it is difficult to determine precisely which polynomials Z-j arise in this manner. However, we shall show that the differential of the mapping PI+ P at 0 E C is the identity, so that by the implicit function theorem there exists a solution to Problem 1 for all "sufficiently small" polynomials in the interior of C. More precisely, we have: ProoJ Suppose PE C. By Lemma 1, u(P) E D"(W), so the renormalization map relative to u(P) is a well-defined linear transformation of P. If Z= (il, . . . . i,) is a multi-index, or n-tuple of nonnegative integers, let qr denote the polynomial qi; -.a qk, and let /Zl = i, + . .+ + i,. The qr with 111~ 2d forms a basis for P. By the general theory of renormalized products Cl, 61, :q':u(p) -q1 is a polynomial of degree less than 111. The renormalization map relative to v(P) thus can be written in upper triangular form with l's on the diagonal. Thus there exists a unique P E C such that P(q) = :&zL,.,.
Deline the map T: C + C by T(P) = H.
We begin the proof with some lemmas on the dependence of u(P) and E(P) on P E C. We will develop only the bare minimum of properties needed, following well-established techniques (see the references cited above). One technical problem is that there exist sequences Pj~ C such that Pi + 0 but u( Pi) p vO. One can avoid this problem by working with a slightly smaller cone. Let Co be any open convex cone contained in C.
LEMMA 2. For any P E Co there exist E, k > 0 such that P(q) 2 +z: + -.. +q;+k.
Proof
The polynomial Q(q) = (qf + . . . + qz)d is in P. Since P is in the open cone C,, for some E > 0 we have P-EQ E Co, so that P-EQ is bounded below. Proof: By Lemma 2, if Q E P is sufficiently close to the origin, Q(q) is bounded relative to H, with relative bound < 1. Since E(P) is an isolated nondegenerate eigenvalue of H,, Kato's theory of type A perturbations [4] implies that u(P) is analytic from C, to K and E(P) is analytic from C,, to R. (While Kato's theory is formulated in terms of one-parameter families of perturbations, the relevant results are easily seen to extend to many-parameter families.)
Next we show that u(P) is actually norm-analytic as a function from Co to D. Suppose P E C,. Taking the inner product of both sides with u(P), it follows that -&P+&Q) = <u(p), Qu(P)h &SO (4) so as P+O, -++EP) + <vo, Quo> &=O by Lemma 5.
Equations (3) and (4) imply
Next note that (5) ;B(P+&Q) &=O is orthogonal to v(P), hence to the kernel of HP-E(P). Since the resolvent of H, converges to that of Ho in norm away from the spectrum of Ho as P-r 0 [lo], and the right hand side of (5) 
One notes that -&v(P+EPMv(P+EQ))I =2Re(iv(P+eQ),q'v(P)), &=O and it follows from Lemmas 5 and 6 that the right side converges as P + 0 in Co. 1
Next we prove a modified version of the implicit function theorem, dealing with a map defined on a cone, rather than a neighbourhood of a point. Then we show using the above lemmas that T satisfies the hypotheses of this implicit function theorem. (6) for small enough x in C. Choose Iz,, > 0 such that
Let Note that by the choice of the constant d, XS C. Define G: X --+ V by
We claim that G maps X into X contractively for 1 E (0, A,]; the fixed point y(l) will then satisfy F(y(A)) = Au. Assume x E X. Then using (6) and (7) where M is a complete Riemannian manifold, &t, x) is the free real scalar quantum field of mass m on R x M cut off to finitely many modes, and P is a polynomial that is bounded below.
It is an interesting question whether the technical condition that (u(J), P(q) u(n)) be bounded can be omitted from Theorem 1. The condition that u(J) be continuous from [0, &,I to K is essential. The following one-dimensional example adapted from the work of Friedman [2] it is easy to check that g(b) satisfies the equation
, (10) and that g(b) is the vacuum of the Hamiltonian 
RENORMALIZING THE TOTAL HAMILTONIAN
In the previous section we renormalized the interaction Hamiltonian relative to the ground state of the total Hamiltonian. We next consider renormalizing the total Hamiltonian relative to its own ground state: The relation between this problem and Problem 1 is given in the following:
LEMMA 10. Suppose that u E K has (u, qiu) = 0 for all 1 < i < n. Then u is a solution to Problem 1 for P E C if and only ifit is a solution to Problem 2 for P.
ProoJ: If u satisfies (u, qiu) = 0 for all i and is a solution to either Problem 1 or Problem 2 for PE C, then (l/2) C ~,(:pf:~ + :qy :J differs from Ho by a constant, by the general theory of renormalized products. Thus u is a solution to both Problems 1 and 2 for P. 1 Friedman [2] showed that, due to a translational invariance in Problem 2, there does not exist a solution for generic P E C, and when a solution exists it is never unique. For the convenience of the reader we present these results here, in a generalized form. THEOREM 
(Friedman).
Suppose that u E K is a solution to Problem 2 for P. Then for any x E R", U(x)u is a solution to Problem 2 for P.
Proof: Let T = U(x). Note that The set of P E C for which there is a solution to Problem 2 is of Lebesgue measure zero in C.
Proof
This follows from Sard's theorem, see [2] . 1
We may eliminate the translational degrees of freedom described in the theorem above by requiring that (u, qiu) = 0. This device allows us to easily prove an existence and uniqueness theorem for Problem 2 if we restrict ourselves to even polynomials, i.e., polynomials satisfying since (u(Q), qiu(Q)) = 0. On the other hand, the nondegeneracy of the lowest eigenvalue implies that u(Q,) is an even function of q, so Ee = (u(Qeh HAQ,)) = <u(Q,), Hu(Q,)) BE.
Combining these two inequalities, it follows that E = E, and (u(Q,), Hu(Q,)) = E, so u(Q,) = u(Q) by the uniqueness of the vacuum, and u(Q) is an even function of q. From H,u(Q) -Eu(Q) = -Ci biqiu(Q), the right hand side of the equation is even, hence bi = 0. 1 THEOREM 5. Suppose that PE C, and suppose u is the uacuum of the closure of H,, + : P(q):,,. Zf the degree of P is 4 and P is even, then u is even.
Prooj
Let ci = (u, qiu) for 1 < i< n. Using Lemma 11 it is enough to show that ci=O by noting that where Q is an even polynomial of degree 4. It follows immediately from Lemma 11 that u is even. 1
